ABSTRACT Quantitative structure-activity and structure-property associations of natural systems require terminologies for their topological properties. Structure-based topological descriptors/indices of these systems allow these chemical possessions and the bioactivities of these compounds through reckonable structure-activity and structure-property associations' procedures. In this paper, we propose a computational technique to compute analytically exact expressions for certain degree and distance-based topological indices for general graphs. A comparative analysis is conducted with the known techniques where certain experiments are performed to show that our technique is more efficient and possesses less algorithmic and computational complexity. We apply our method to compute explicit expressions of certain degree and distance topological indices for certain infinite families of fullerenes, carbon nanotubes, and carbon nanocones. The obtained results in this paper generalize certain known results in the literature.
I. INTRODUCTION A. BACKGROUND
A wide range of physico-chemical properties demonstrating the sub-atomic structures has discovered graph theory, particularly degree and distance based topological invariants, essentially helpful. The way that the basic properties of chemical compounds are firmly identified with their underlying networks, starts the graph theoretic applications in science and chemistry. The investigation of topological network and portrayal of a synthetic structure locate a profound worry with diagram hypothesis. The investigation of connections between graph theoretic topological descriptors and physicochemical properties of fundamental chemical structures has been a focal point of research throughout the years [11] .
As certain physico-synthetic attributes can be gotten from their compound structures, the connection with the The associate editor coordinating the review of this manuscript and approving it for publication was Shunfeng Cheng.
quantitative structure-activity (QSAR) and structure-property (QSPR) relationship models are created. The reconciliation of ideas from science, arithmetic and data science shapes a developing field presently called cheminformatics. The quantification of the chemical structure is the key step in QSAR/QSPR study. In this step, a close correlation model between the physico-chemical and biological properties of a compound is built [11] , [38] . There are a vast amount of chemical compounds for which these methods of QSAR/QSPR can be applied.
A topological descriptor/index is a numerical invariant which is ascertained dependent on the fundamental structure of a chemical compound. These atomic descriptors are a critical piece of compound diagram hypothesis. Subsequently, a topological descriptor at the same time accommodates quantitative portrayal of a synthetic diagram, which is topologically invariant to marking, and separating properties of isomers. There are various such diagram related numerical invariants, which are of a key significance in reticular science and nanotechnology in this manner. Therefore, calculation of these topological indices is one of the ongoing territories of research [2] . We advise the readers to read the book by Karelson [38] for further details on this topic.
B. LITERATURE REVIEW
In QSAR/QSPR analyses, usually certain topological properties of the underlying molecular structures are required. These topological properties of molecular structures are provided by the structure related topological descriptors by considering the underlying structure a chemical graph/network. As a result, prediction of the bioactivities and certain physicochemical properties of underlying compounds are obtained by QSAR/QSPR methods. Therefore, it is natural to compute these structure based topological indices for a graph which represents some underlying chemical compound. These very facts gave birth to the computational theory of topological indices. There are hundreds of papers which have focused on computing certain topological indices of chemical graphs and networks. Degree-based topological indices of some infinite families of carbon nanotubes and fullerenes have been calculated by Bača et al. [8] , [9] . Hayat and Imran [30] - [32] and Hayat et al. [33] , and Imran et al. [37] also studied certain degree-based topological indices of certain graphs and networks. Topological indices of certain inorganic networks have been computed in [4] and [40] . Tang et al. [49] studied the extremal properties of some distance-based topological indices for trees and unicyclic graphs. For computational study of distance-based topological indices, we refer [3] , [6] , [7] , [16] , [23] , [51] , [52] , and [54] .
All these aforementioned papers have focused on computing certain degree-based indices of some special classes of graphs. In view of this, it is natural to ask for developing a general technique to compute some topological indices for general graphs. Ashrafi et al. [5] , Mehranian et al. [42] , and Mottaghi and Ashrafi [43] were the first researchers who responded to this question and developed a computational technique for the Szeged, revised Szeged and PI indices of chemical graphs. Their technique works for any infinite family of chemical graphs to compute these three indices. In Subsection III-A, we explain their method.
C. CONTRIBUTION
In this paper, we propose a computational technique of rigorous mathematical nature to compute various degreebased, distance-based and degree-distance-based topological indices for general graphs. By extending the technique of Ashrafi et al. from chemical graph to general graphs, we ensure a significant enhancement in the applicability as our method is applicable to both organic and inorganic molecular structures. This resolves a limitation to the technique by Ashrafi et al. Another limitation of the method of Ashrafi et al. is its applicability for only three distancebased indices. We also resolve this limitation by extending the applicability of our technique to various distance-based, degree-based and degree-distance-based topological indices. Moreover, our technique bears less computational and algorithmic complexity of in comparison with Ashrafi et al.
We explain the applicability of our method by computing various distance-based and degree-distance-based topological indices of linear polyacenes which is an infinite family of non-branched catacondensed benzenoids. In order to measure the efficiency of our technique, we conduct a comparative analysis with state-of-the-art methods from literature including by Ashrafi et al. As an application of our technique, we present analytically exact expressions of various distancebased and degree-distance-based topological indices for certain infinite families of fullerenes, carbon nanotubes and carbon nanocones. This paper is organized as follows: Section II presents mathematical background of different classes of topological indices. Section III explains the computational technique by Ashrafi et al. and our proposed modified technique. In Section IV, we compare our technique with state-of-theart techniques in the literature including the base technique by Ashrafi et al. Section V explains the working pattern of our method by computing various distance-based and degreedistance-based topological indices. Sections VI, VII and VIII present application of our method to certain infinite families of fullerenes, carbon polyhex nanotube and carbon nanocones respectively.
II. TOPOLOGICAL INDICES
A graph G is a mathematical object written as G = (V , E), where V is the set of points called vertices and E is the set of lines between those points. A chemical graph is a representation of the structural formula of a chemical compound in terms of graph theory. In other words, a chemical graph is a graph whose vertices correspond to the atoms of the compound and edges correspond to chemical bonds. A graph is called bipartite if it contains no cycle of odd length. In a graph G, the number of edges connected to a fixed vertex u is called its degree and denoted by d u . In a chemical graph, the degree of a vertex can be at most four. The distance d (u, v) between two vertices u and v is the length of a shortest path between them. The eccentricity of a vertex u denoted by e u , is the maximum distance between u and any other vertex of G.
A topological index is a map from the set of finite connected graphs to the set of real numbers with a property that it has significant applications in chemistry. A topological index is called distance-based (resp. degree-distance-based), if it is defined based on the degrees (resp. degrees and distances) of/between vertices in a graph. Eccentricity-based topological indices is a subclass of distance-based topological indices. They are defined based on the eccentricity of vertices. We refer to the mathematical chemistry books [12] , [24] for related concepts.
The transmission Tr(u) of a vertex u is defined as Tr(u) = v∈V d (u, v) . For an edge uv ∈ E(G), we define the quantities VOLUME 7, 2019 n u , n v and n 0 as follows:
In Table 1 , we define some distance-based topological indices. Table 2 presents some eccentricity-based topological indices. The corresponding references in the table comprises some basic mathematical properties and chemical significance of these indices. Now we define two matrices based on an n-vertex connected graph G. The adjacency matrix A G of G is an n × n symmetric matrix defined as
The distance matrix D G of G is also an n×n symmetric matrix which is defined as follows:
In Figure 1 , we give an example of a graph and its adjacency and distance matrices. Let j be the n × 1 all-ones vector and k = A G j. Note that k u = d u for any u ∈ V (G). In Table 3 , certain degree-distance-based topological indices are defined. The references in the table contain chemical importance of these indices in QSPR/QSAR studies.
III. COMPUTATIONAL TECHNIQUES
In this section, we present different computational techniques for computing certain topological indices of graphs. In what follows, we present the technique by Ashrafi et al.
A. THE TECHNIQUE BY ASHRAFI et al. (2010)
For a given chemical graph L, this method can be described by the following three steps:
Step 1: Draw the chemical graph L on Hyperchem 1 [35] . It outputs an .hin file for the drawing of L.
Step 2: Input the .hin file of L to Topocluj 2 [13] . Compute the adjacency and distance matrices of L. Topocluj produces .m files of these matrices.
Step 3: Input the .m files of both adjacency and distance matrices of L in a GAP 3 [20] program developed by Ashrafi et al. [5] , Mehranian et al. [42] , and Mottaghi and Ashrafi [43] . GAP will output the Szeged, revised Szeged and PI indices of L.
In Figure 2 , we present a flowchart of the technique by Ashrafi et al.
B. OUR PROPOSED TECHNIQUE
Certain inorganic chemical compounds can not be modeled into a chemical graph as the valency of an atom could be larger than four. Thus it is natural to develop a computational technique for general graphs rather than just chemical graphs. Note that the set of chemical graphs is a proper subset of the set of general graphs. We proposed a technique for general graphs which can compute various distancebased, eccentricity-based and degree-distance-based topological indices. For a general graph G, our technique can be illustrated in the following two steps.
Step 1: Draw L on newGraph 5 [48] . Compute the distance matrix D of L.
Step 2: Input the matrix D in our Matlab [41] program and compute various distance-based (Table 1) , eccentricity-based (Table 2 ) and degree-distance-based (Table 3) topological indices.
In Figure 3 , a flowchart of our proposed technique is shown.
We have created a repository on GitHub where a ReadMe file with instructions, our Matlab code, a Minimal Working Example (MWE) and its working pattern have been uploaded. To get access to the page on GitHub click here By means of our technique, it is very convenient to compute topological indices from Tables 1, 2 and 3 for a finite graph. However, computing these indices for an infinite family of graphs is a bit tedious and requires some extra work. In Section V, we explain our computational technique to compute the aforementioned topological indices for a somewhat simple infinite family of graphs.
It is important to note that Hayat [28] also extended the technique of Ashrafi et al. to some other distance-based topological indices. respectively. Table 4 presents the analysis. The computational time in Table 4 captured by the experimentation has been performed on a PC with Widows OS possessing an Intel(R) Pentium(R) CPU B950, 2.00 GB RAM and 2.10 GHz processor. We have used 4.7.3 version of GAP and 2012b version of Matlab in this experimentation.
IV. COMPARATIVE ANALYSIS
We conduct a comparative analysis between HyperChem & Topocluj in the technique by Ashrafi et al. and newGraph in our proposed technique. Table 5 exhibits that analysis.
In view of Figures 2 & 3 and Tables 4 & 5 , we draw the following conclusion. Our proposed technique is workable for general graphs and not required the given graph to be chemical. It bears comparatively less combinatorial and algorithmic complexity as we may see it from the Tables 4 and 5 . The diverseness of our proposed technique allows us to compute not only the Szeged, revised Szeged and PI indices but many degree and distance based topological indices from Tables 1, 2 and 3 for any general graph.
B. COMPARISON WITH DARAFARESH (2010)
In 2010, Darafsheh [10] presented an efficient method to calculate the Wiener index, the Szeged index and the PI index of a graph by using its automorphism group acting either on vertices or edges of the graph transitively.
By an automorphism of the graph G = (V , E) we mean a bijection σ on V which preserves the edge set E, i.e., if e = uv is an edge, then e σ = u σ v σ is an edge of E. Here u σ denotes the image of the vertex u under σ . It is obvious that the set of all the automorphisms of G under the composition of mappings forms a group which is denoted by = Aut(G). We say that acts transitively on V if for any vertices u and v in V there is σ ∈ such that u σ = v. Darafsheh [10] computed the Wiener index of a vertextransitive graph G by proving the following result for G.
A graph G = (V , E) is called an edge-transitive graph if for any two edges e = uv and e = u v in E there is an element σ ∈ such that e σ = e , where e σ = u σ v σ . Darafsheh [10] calculated the Szeged index of an edge-transitive graph by using the following result.
Finally, Darafsheh [10] calculated the PI index of an edgetransitive graph by using the following result.
In case, when the given graph G is not an edge-transitive, the Szeged and PI indices can be calculated by using the following results.
Result 4: Let G = (V , E) be a simple connected graph. If Aut(G) on E has orbits i
By using this algebraic method by Darafsheh [10] , it is convenient to calculate the Wiener index of a vertex-transitive graph and the Szeged and PI indices of both edge-transitive and non-edge-transitive graphs. The algebraic method by Darafsheh has the following limitations:
• The method is restricted to the Szeged and PI indices for general graphs and to the Wiener index for vertextransitive graphs.
• Computing the automorphism group and its orbits is highly non-trivial. However, our method works for degree and distance based topological indices from Tables 1, 2 and 3 for any general graph. Moreover, our method possesses comparatively less algorithmic and computational complexity as shown in the previous subsection.
C. COMPARISON WITH ACKORIARAJ et al. (2016)
Arockiaraj et al. [3] presented a method by using cut methods to compute Wiener, Gutman and Schultz indices for general graphs.
A subgraph H of a graph G is convex if for any two vertices u, v of H , any shortest path between u and v in G lies completely in H . Similarly, H is an isometric subgraph
holds for any two vertices u, v of H . Clearly, a convex subgraph is isometric but not the other way around. A partial cube is an isometric subgraph of a hypercube graph.
The edges e = xy and f = uv are in the Djoković-Winkler relation if
In general, the relation is reflexive and symmetric, but not transitive. It is well noted that the relation is transitive when G is a partial cube. In the standard cut method, partition the edge set of a graph G by relation into classes F 1 , F 2 , . . . , F k , called cuts, such that each of the graphs G − F i , 1 ≤ i ≤ k, consists of atleast two connected components and then using the properties of the components of the graphs G−F i , we derive the required property of G. For a partial cube, the Wiener index can be calculated by using the following result.
Result 6: Let G be a partial cube and let F 1 , F 2 , . . . , F k be its classes. Let n 1 (F i ) and n 2 (F i ) be the number of vertices in the two connected components of G − F i . Then
A finite connected graph is called an 1 -graph if it can be isometrically embedded into the 1 -space. A partial cube is also an 1 -graph and not the other way around. An edge cut F of G is said to be a convex cut if the two components of G − F are the convex subgraphs of G. Let E λ (G), λ ≥ 1, denote a collection of edges of graph G with each edge in G being repeated exactly λ times. The Wiener index of an 1 -graph graph can be calculated by using the following result.
Result 7: Let G be a scale λ-embeddable into a hypercube and let C(G) be the family of convex cuts of E λ (G) defining this embedding. Then
In what follows, m 1 (F i ) and m 2 (F i ) are the number of edges in the two connected components of G − F i .
Result 8: A connected graph G admits a partition
A generalization of the above theorem for 1 -graphs is stated below.
Result 9: A connected graph G admits a partition
Although the cuts methods work efficiently to computer Wiener, Gutman and Schultz indices for partial cubes and 1 -graphs, this method has the following limitations:
• The method is restricted for Wiener, Gutman and Schultz indices.
• The method works only for partial cubes and more generally 1 -graphs.
• Calculating the convex cuts is a non-trivial procedure with tedious calculations. However, our method works for degree and distance based topological indices from Tables 1, 2 
By using O(m 0.7 n 1.2 + n 2+o(1) ) algebraic operations (i.e., multiplications, additions and subtractions), Yuster and Zwick [53] proposed a matrix multiplication algorithms, where m denotes the number of non-zero values (or equivalently the number of edges in the adjacency matrix). The naive matrix multiplication algorithm, on the other hand, may need to perform O(mn) operations to accomplish the same task.
Ilić and Ilić [36] used the above matrix algorithm to compute the Wiener polarity index as follows. For m ≤ n 1.14 , which is the case for chemical graphs given that their vertex degree is less than or equal to 4, this algorithm performs an almost optimal number of only n 2+o(1) operations (as (1.14)(0.7) + 1.2 < 2). For m ≤ n 1.68 , this algorithm is also faster than the best known matrix multiplication algorithm for dense matrices, thus being superior alternative for computing the Wiener polarity index in this case as well.
Let D(v) denotes the summation of all distances between a fixed vertex v and all other vertices of G. The Balaban index is a topological index introduced by Balaban more than 30 years ago. It is defined as where m = |E| and µ = m − n + 1 is the cyclomatic number of G. Ilić and Ilić [36] presented a linear algorithm for computing Balaban index of trees, composed of two parts. In the first recursion, for every vertex v we compute two arrays:
• c [v] , that stores the number of vertices under the subtree rooted at v (including v), and
• D [v] , that stores the sum of distances from the root v to all vertices under v. For these two steps, the following algorithms were proposed by Ilić and Ilić [36] presented in Fig. 4 and Fig. 5 . They also studied the complexity of these two algorithms.
These algorithmic procedures have the following limitations:
• The method works only for the Wiener polarity index for chemical graphs and the Balaban index for trees.
• Computational time of these algorithms is high. However, our method works for degree and distance based topological indices from Tables 1, 2 and 3 for any general graph. Moreover, our method possesses comparatively less algorithmic and computational complexity as shown in the Subsection IV-A.
E. COMPARISON WITH HAYAT et al. (2018)
Recently, Hayat et al. [29] extended the method of Ashrafi et al. to the Wiener index, various eccentricity-based indices from Table 2 and various degree-based topological indices of chemical graphs. Their method can be described by the following three steps:
Step 1: Draw a given chemical graph L on Hyperchem [35] . It outputs an .hin file for the drawing of L.
Step 2: Input the .hin file of L to Topocluj [13] . Compute the adjacency and distance matrices of L. Topocluj produces .m files of these matrices.
Step 3: Input the .m files of both adjacency and distance matrices of L in a Matlab program developed by Hayat et al. [29] . The program outputs the Szeged, PI, revised Szeged, Wiener, certain eccentricity-based indices and various degree-based topological indices.
Although the method by Hayat et al. [29] is diverse in the varieties of indices being computed. It has certain disadvantages:
• It only works for chemical graphs.
• It does not work for degree-distance-based topological indices.
• It possesses almost similar algorithmic and computational complexity as by Ashrafi et al. However, our method works for degree and distance based topological indices from Tables 1, 2 and 3 for any general graph. Moreover, our method possesses comparatively less algorithmic and computational complexity as shown in the Subsection IV-A.
V. APPLICATION OF THE PROPOSED TECHNIQUE TO LINEAR POLYACENES
Benzenoid systems are divided [27] into catacondensed and pericondensed systems. In a pericondensed system there exist three hexagons share common vertex. In catacondensed systems no three hexagons share a common vertex. Catacondensed benzenoids are further classified into nonbranched (in which no hexagon has more than two neighbors) and branched (in which at least one hexagon has three neighbors). Thus linear polyacenes is an infinite family of non-branched catacondensed benzenoids. It is constructed simply by attaching hexagons linearly, see Figure 6 . We denote an n-dimensional linear polyacene by L n , where n ≥ 1.
The following proposition presents explicit formulas of certain degree and distance based topological indices for linear polyacenes L n .
Proposition 1: Let L n be the n-dimensional linear polyacene, where n ≥ 2. Then the following hold:
where α = 2, n ≡ 0(mod 2); 3, n ≡ 1(mod 2). By Proposition 1, we see that Sz(L n ) = RSz(L n ). That is because the graph L n is bipartite for any n ≥ 1. Note that if a graph G is bipartite, then Sz(G) = RSz(G) as n 0 = 0 for any edge of G. Based on the defining structures of indices from Section II, we define certain vertex and edge partitions which will be helpful in proving Proposition 1. Table 6 shows these partitions, their types and examples of indices for which the corresponding partition is necessary. For any given graph, these partitions can be found by using our technique from Subsection III-B with an assistance of cftoolbox by Matlab.
Note that if a graph G is regular, then the ε-partition and δ-partition can be obtained directly from the ω-partition and τ -partition respectively.
Next we compute these partitions for linear polyacenes L n . We derive its ψ-partition based on quantities n u , n v only as L n is a bipartite graph for any n ≥ 1. Table 7 presents this partition for L n .
The two types of edges in the ψ-partition of L n is shown in Figure 7 . Now we prove first two equations of Proposition 1. The corresponding ψ-partition in Table 7 is needed. Let m, n ∈ Z and c ∈ R. Then the following equations hold:
We also need some special cases of above series.
VOLUME 7, 2019 In what follows, we use the ψ-partition in Table 7 and formulas in (2) and (3) to prove the first two equations of Proposition 1. Note that the Szeged, revised Szeged and PI indices have similar defining structure based on quantities n u , n v and n 0 , therefore we only prove the Szeged index expression. By definition of the Szeged index, we have
By using the ψ-partition in Table 7 , we obtain
and
By using formulas in (2) and (3) and doing some routine calculations, we obtain the following same solution for both of the above equations.
This shows the first equation of Proposition 1. The PI index i.e. the second equation of Proposition 1, can be proved similarly. Note that, in order to compute the 5 newGraph allows ctrl-key multiple selection and an automatic symmetric drawing. Furthermore, short-cut keys to add new vertices and new edges work efficiently in newGraph. indices in fourth column from Table 6 , we only need the corresponding edge/veretx partition in first column of the table. Therefore, we only present the remaining four partition of L n and skip proving other equations of Proposition 1. Table 8 presents the τ -partition of L n . The seventh expression in Proposition 1 can be proved by using this partition. Table 9 shows the ε-partition of L n . The last formula in Proposition 1 can be proved by using this partition.
In a similar manner, Tables 10 and 11 show the ω-partition and δ-partition respectively. These partition are necessary to compute Wiener, Degree distance, Gutman and MTI indices of linear polyacenes L n .
Consequently, in order to compute certain degree and distance related topological indices from Tables 1, 2 and 3 for a general graph, we only need the edge/vertex partitions in Table 6 . Our computational method in Subsection III-B, with some assistance of cftoolbox by Matlab, compute those partitions for an infinite family of general graphs.
In the next three sections, we compute certain degree and distance related topological indices of certain infinite families of fullerenes, carbon nanotubes and carbon nanocones. We skip all the details of how to obtain the results by using our proposed method, since these details are similar to what we have done for linear polyacenes L n in the previous subsubsection. 
VI. FULLERENES
Fullerenes are spherical cages consisting entirely of carbon atoms. Discovery of fullerenes gave birth to the invention of carbon nanotubes which have potential applications both at laboratory and industrial scale. Considering fullerenes as graphs, they are planar graphs of common degree three comprising only hexagonal and pentagonal faces. Let us denote the number of hexagons, pentagons, edges/bonds and vertices/atoms by h, p, ε and n respectively. Note that in a fullerene graph, each edge is a common part of two faces and exactly three faces share every vertex or carbon atom. In this viewpoint, the number of carbon atoms in a fullerene molecule are n = and, in a similar manner, the number of faces will be h + p = f . Since any fullerene graph is planar, the Euler's polyhedral formula suggests that any fullerene graph satisfy 2 = n + f − ε. By accumulating all these expressions, we obtain that 6h+5p 3 + 6h+5p 2 +h+p = 2, and this result in to the fact that n = 2h + 20, e = 3h + 30 and p = 12. As a result, any fullerene comprises n carbon atoms, n 2 + 10 hexagonal facets and 12 pentagonal facets where n ≥ 22 is an integer. We refer the reader to [19] for more details on mathematical properties of fullerene graphs.
It is believed that number of fullerene graphs on ν vertices is of order (ν 9 ), see [19] for more details. In this section, we consider an infinite family of fullerene on ν = 12n + 2, n ≥ 2 vertices such that for any fixed n, the fullerene graph is isomorphic to a unique graph of family F[n], see Figure 8 . Thus for a fixed n ≥ 2, the family F[n] comprises one graph among (n 9 ) graphs.
In what follows, we apply our method to compute certain degree and distance based topological indices for the infinite fullerenes family F[n], n ≥ 2. First we find the ψ-partition By exceptional, we mean that these value behave differently than the general values of these topological indices. We deal these exceptional cases differently than other cases in general. Suppose F[n] = C 12n+2 , 6 ≤ n ≤ 11. If e = uv is an edge of F[n] then the quantities ν(e|u), ν(e|v) and ν(e|0) are computed in Table 12 and Table 13 . The number of edges of a given type is shown in the last column of these tables.
First we deal with the exceptional cases of PI, Szeged and revised Szeged indices for F[n] graph. We apply our technique for every edge e = uv of C 74 , C 86 , C 98 , C 110 , C 122 , and C 134 and calculate the quantities ν(e|u), ν(e|v) and ν(e|0) which are presented in Table12 and Table 13 . On the other hand, we partition the edge set of C 74 fullerene into eighteen classes such that ν(e|u), ν(e|v) and ν(e|0) are same for the edges in these classes. and C 134 . In Table 12 and Table 13 , we summarize our calculations whereas Table 14 demonstrate the Szeged and revised Szeged indices of exceptional cases. The following result is a direct consequence of Table 12, Table 13, Table 16,  and Table 17 .
Next we find the τ -partition of F [n] .
To understand the vertex types in a fullerene graph F[n], we decompose the fullerene graph into different components. Figure 9 explains this structural decomposition of the fullerene graph F [n] in which the bold part is called the core, the dotted part is called the cover of this fullerene graph and the remaining part comprises 12-cycles which are important to understand the required eccentricity based vertex partition. Note that, in a fullerene graph F[n], there are n − 2 number of these 12-cycles. Our calculations suggest that there are two different cases for F [n] , one is for even n and other is for odd n. The types of vertices in these cases are explained in Table 22 where the circular vertices shows the first type and these are same for both cases, the square vertices are of type 2 which are structure-wise different in both cases and the remaining vertices in F[n] are of type 3 which are structure-wise same in both cases. As we obtain the same number of vertices for both cases of any type, the formulas of polynomials will be covered in just one case. Table 23 exhibits this vertex partition where the first column shows the vertex type, second column depicts the eccentricity of a vertex and last column explains the cardinality of its corresponding partite set. Note that by using this table, it is convenient to prove our estimates of eccentricity related polynomials.
The other partitions in Table 6 can be computed similarly. 
VII. CARBON POLYHEX NANOTUBES
This family of carbon nanotubes (CNTs) has its cylindrical surface entirely made up of hexagonal faces. It is evident [15] that these nanotubes possess extraordinary stability and have remarkable thermal, mechanical and electrical properties. These significantly interesting properties of these carbon nanotubes are a reason that these CNTs are among the moststudied nanotubes among others. These nanotubes are found in nature in three different shapes based on their chirality. These types are chiral, zigzag and armchair. Figure 24 depicts these carbon nanotubes with zigzag and armchair structures.
The graph of armchair polyhex nanotube is usually denoted by TUAC 6 [p, q] , where p (resp. q) is the number of hexagons in a fixed row (resp. column). On the other hand, having a different chirality the zigzag polyhex nanotube is denoted by TUZC 6 [p, q] , where p (reps. q) denotes the number of hexagonal faces in a row (resp. column). In this section, we focus on compute certain degree and distance related topological indices for the infinite family of zigzag polyhex nanotubes. 
VIII. CARBON NANOCONES
A remarkable and fascinating phenomenon of carbon-carbon skeletons is the existence of hollow structures. Besides nanotubes and fullerenes, carbon nanocones also play a role in the success of carbon nanostructures. They have been experimented and observed to appear as caps on nanotubical ends. In other words, on a flat surface of graphite, carbon nanocones stand as fee-standing structures. By extracting a fan on a graphene sheet, a cone can be structurally designed and modeled by revolving the left-over part about it apex and then joining the two open ended sides. A special case occur when the fan is rotated 60 • , on the tip apex of the nanocone a pentagon appears, see for instance Figures 11 and 12 .
The simultaneous repetition of this procedure will result in reducing the opening angle of the conical shape and would generate more pentagons in this process. In the viewpoint, a nanocone comprising six pentagons will share the opening angle of zero and this usually is considered as an open-ended nanotubes on one side. When the tip apex of a nanocone is a pentagon, it is called a one-pentagonal nanocone. It is usually denoted by CNC 5 [n] 
FIGURE 12.
A one-pentagonal nanocone CNC 5 [6] . and the integer n ≥ 3 is the number of layers comprising hexagonal facets covering its conical surface and 5 is for pentagon on its tip usually the core of the nanocones. This section focuses on computing various of degree and distance based descriptors from Tables 1, 2 and 3 for CNC 5 [n] nanocones.
The following lemma give the formulas for the number of vertices and edges for the family of one-pentagonal nanocones.
Lemma 2: The number of vertices and the number of edges in an n-dimensional CNC 5 [n] nanocone are 5(n + 1) 2 and 15 2 n 2 + 25 2 n + 5 respectively. Certain degree and distance related topological descriptors for one-pentagonal carbon nanocone CNC 5 [n] is computed by the following theorem.
